Open angle glaucoma (OAG) is a severe ocular disease characterized by progressive and irreversible vision loss. While elevated intraocular pressure (IOP) is a well-established risk factor for OAG, the progression of OAG in many cases, despite IOP treatment, suggests that other risk factors must play significant roles in the development of the disease. For example, various structural properties of the eye, ocular blood flow properties, and systemic conditions have been identified as risk factors for OAG. Ethnicity has also been indicated as a relevant factor that affects the incidence and prevalence of OAG; in fact, OAG is the leading cause of blindness among people of African descent. Numerous clinical studies have been designed to examine the possible correlation and causation between OAG and these factors; however, these studies are met with the challenge of isolating the individual role of multiple interconnected factors. Over the last decade, various mathematical modeling approaches have been implemented in combination with clinical studies in order to provide a mechanical and hemodynamical description of the eye in relation to the entire human body and to assess the contribution of single risk factors to the development of OAG. This review provides a summary of the clinical evidence of ocular structural differences, ocular vascular differences and systemic vascular differences among people of African and European descent, describes the mathematical approaches that have been proposed to study ocular mechanics and hemodynamics while discussing how they could be used to investigate the relevance to OAG of racial disparities, and outlines possible new directions of research.
symptoms until noticeable vision loss has occurred. Vision loss begins in the periphery, as shown in Figure 1 . Visual acuity (or sharpness of vision) is maintained until late in the disease; consequently, patients only become aware of vision loss once the disease is already quite advanced. OAG is the second leading cause of blindness worldwide (after cataracts) (24, 66) and is the leading cause of blindness among people of African descent (AD). (23, 38, 60) Unfortunately, OAG is not curable and the vision lost cannot be regained.
Elevated intraocular pressure (IOP) has been the first OAG risk factor to be identified. (46) Elevated IOP may contribute to OAG pathophysiology by inducing mechanical damage on the optic nerve or altering the ocular circulation, thereby compromising the functionality of the retinal ganglion cells and their axons. (12, 13, 22) To date, elevated IOP is the only treatable OAG risk factor, as it can be reduced via medications and/or surgery. However, a high percentage of individuals with elevated IOP never develops glaucoma, (56, 58) and many OAG patients continue to experience disease progression despite meeting target IOP levels. (14, 15, 25, 33, 72, 73, 90) The observed progression of OAG despite IOP treatment suggests that OAG is a multifactorial disease with inadequate methods of treatment. (126) Over the last few decades, a variety of OAG risk factors have been identified, including structural properties of the eye such as cupping of the optic disc, (78, 130) myopia, (39, 70) and central corneal thickness; (31, 78, 130) ocular blood flow properties such as ocular perfusion pressure, (20, 79) vascular dysregulation (40, 70, 81, 122) and hemorrhages in the optic disc; (11, 30) and systemic conditions such as systemic blood pressure (55, 69, 70, 79) and diabetes. (70) The mechanisms by which these factors may contribute to OAG pathophysiology are still largely unknown, and this hinders the development of more successful therapeutic approaches for OAG. In particular, it remains unclear which of these factors are causes or consequences of the disease and whether combinations of different factors yield similar risk for OAG.
Ethnicity is a known modifier of the OAG risk. (70) Several studies have indicated increased incidence and prevalence of OAG in people of AD compared to those of European descent (ED) in the United States, the West Indies, and Africa. (71, 76, 104, 127) The Ocular Hypertension Treatment Study described African-American race as a baseline factor associated with an increased risk of developing OAG. (45) People of AD also have an increased risk of developing OAG at an earlier age, and their disease progression is often more rapid than in people of ED (75, 94, 96, 123, 127, 133, 134) Racial differences have been associated with differences in ocular structures, ocular blood flow and systemic conditions. Understanding the role that ethnicity plays as an OAG risk modifier could help elucidating the contributions of various risk factors to the OAG pathophysiology.
Several non-invasive techniques have been developed to measure quantities related to ocular morphology and hemodynamics in humans in vivo, allowing a large amount of data on ocular structures and macro-and microcirculation to be obtained in a clinical setting during a patient's visit. However, the interpretation of these data remains a very challenging task. For example, it is not clear whether the alteration of ocular hemodynamics observed in OAG patients is a cause or a consequence of the disease. It has been hypothesized that decreased ocular blood flow can cause the death of retinal ganglion cells via ischemia, but it has also been suggested that the observed decrease in blood flow could be a response to the decrease in metabolic demand for oxygen and nutrients consequent to retinal ganglion cell death. (15) Structural, vascular and metabolic factors are strongly interconnected, and therefore their individual contributions to OAG are difficult to isolate in vivo. (81) The interpretation of clinical data could be aided by mathematical models that describe the mechanics and hemodynamics of the eye and the relationship of these factors with systemic conditions. Mathematical models could be used as a virtual lab, in which the contributions of structural, vascular and systemic factors can be isolated and assessed independently. The results of such modeling work could then be used to design clinical studies in which the theoretical model predictions can be tested and the role of individual OAG risk factors can be unraveled. As a first significant step, mathematical models could be used to investigate how and to what extent the structural, vascular and systemic differences observed among people of AD and ED may influence the perfusion and oxygenation of ocular tissues and, consequently, the development and progression of OAG.
The main goals of this paper are to: i. summarize the clinical evidence of ocular structural differences, ocular vascular differences and systemic differences among people of AD and ED (Section 4);
ii. review the mathematical modeling approaches currently available to study ocular mechanics, hemodynamics and oxygenation, while discussing the potential use of such models to predict the contribution of the differences in (i) to the pathophysiology of OAG (Section 5); and
iii. suggest future developments of mathematical models, identifying main desirable features and potential mathematical challenges (Section 6).
The non-invasive techniques currently available to measure ocular morphology and hemodynamics in humans in vivo are summarized in Section 3, since they provide the data for model input and validation. For completeness and ease of reference, a brief overview of the main ocular structural and vascular components is provided in Section 2.
Brief Overview of the Eye
The ocular components most relevant to this study are described in Section 2.1 and are depicted in Figure 2 . The architecture of the ocular blood supply is described in Section 2.2 and is depicted in Figure 3 .
Glossary of Ocular Components
Choroid: thin, vascular layer between the sclera and the retina that supplies blood to the retina.
Cornea: clear covering over the front of the eye that transmits and focuses light entering the eye.
Fovea: central depression in the macula where light falls directly upon cone photoreceptor cells, providing the sharpest vision.
Lamina Cribrosa: mesh-like structure located in the optic nerve head and composed of layers of collagen fibers that insert into the scleral canal wall. The axons of the retinal ganglion cells and the central retinal artery and vein run through the lamina.
Macula: central area of the retina, responsible for acute central vision.
Optic Nerve: second cranial nerve that carries impulses from the retina to the brain.
Optic Nerve Head (also called optic disc): location where the axons of the retinal ganglion cells exit the eye to form the optic nerve.
Retina: layer of nerves lining the back of the eye that sends impulses to the optic nerve.
Retinal Ganglion Cells: neurons located near the inner surface of the retina that transmit visual information from the retina to the brain via long axons.
Retinal Nerve Fiber Layer: the innermost retinal layer that contains nerve axons and retinal ganglion cells that connect to the optic nerve.
Sclera: fibrous outer layer of the eye.
Ocular Blood Supply
The architecture of the blood supply to the retina, lamina cribrosa and choroid is depicted in Figure 3 .
The arterial supply to the eye arises primarily from the ophthalmic artery (OA), which is the first branch of the internal carotid artery. The OA branches into several arteries including the central retinal artery (CRA) and the nasal and temporal posterior ciliary arteries (NPCA and TPCA). The CRA penetrates the optic nerve approximately 15 mm behind the eye globe, courses adjacent to the central retinal vein (CRV), passes through the lamina cribrosa and branches into four major arterioles supplying the inner retinal layers. The NPCA and TPCA branch into arteries supplying the outer retina, choroid and retrobulbar tissues.
The venous drainage of the retina, choroid and optic nerve is mainly through the CRV and the ophthalmic veins (OV). The CRV and OV are major tributaries to the cavernous sinus, which ultimately drains into the internal jugular veins at the base of the skull. More information on the ocular blood supply can be found in Ref. [53] .
Retinal tissue exhibits blood flow autoregulation, which is the intrinsic ability to maintaining relatively constant blood flow despite changes in pressure while meeting the metabolic demands of the tissue. (8, 32, 50, 100, 101) Blood flow autoregulation has also been observed in the lamina cribrosa. (52, 92, 107) Less is known about the choroid, as some studies indicate that the choroid is strictly passive, (2, 3) while others suggest that it may be regulated via neural control. (26, 107) Impaired blood flow autoregulation has been shown to contribute to the development and progression of OAG. (70, 81) 
Techniques for Non-Invasive Ocular Measurements
Clinical assessment of OAG is usually performed through standard assessments of visual acuity, visual field, IOP, optic nerve head morphology, central corneal thickness and axial length. Visual acuity can be measured via the early treatment diabetic retinopathy study vision chart. Visual field can be measured using standard automated perimetry (SAP). (61, 113) The average value of IOP over a cardiac cycle can be measured via Goldmann applanation tonometry, while IOP oscillations over a cardiac cycle can be measured via PASCAL Dynamic Contour Tonometer. (97) The morphology of the optic nerve head is usually estimated by analyzing images obtained with a Fundus Camera. Central corneal thickness can be measured with an ultrasonic corneal pachymeter, and the axial length can be measured via optical biometry.
In addition to these basic assessments, specific ocular structural and vascular parameters can be clinically measured via advanced imaging technologies, including color doppler imaging, Fourier-domain optical coherence tomography, Heidelberg retinal tomography, Retinal oxymetry, Laser doppler flowmetry, Digital scanning laser ophthalmoscope angiography, Laser speckle flowgraphy, and Retinal vessel analyzer.
In the following, the information that these techniques can provide are described in detail in order to highlight some of the data available for model input or model validation.
Color Doppler Imaging (CDI)
This technique is used to measure the blood velocity in the main arteries supplying the eye. It utilizes 2D ultrasound images in conjunction with velocity measurements derived from the Doppler shift of sound waves reflected from erythrocytes, as they travel through blood vessels. A typical CDI protocol involves evaluation of the OA, CRA, NPCA and TPCA via the analysis of CDI images similar to the one reported in Figure 4 . Parameters of clinical interest include the peak systolic velocity (PSV), end diastolic velocity (EDV), and the Pourcelot's index of resistivity (RI) calculated as RI = (PSV-EDV)/PSV. In Section 5.2, the implementation of CDI measurements in mathematical models is described; in particular, the blood velocity in the central retinal vessels measured via CDI is used to validate the model describing the effect of IOP elevation on the CRA hemodynamics (16) and to calibrate the input/output pressures in the lumped network model describing the retinal circulation. (18) 
Fourier-Domain Optical Coherence Tomography (FD-OCT)
FD-OCT combines the structural measurements of optical coherence tomography with the retinal blood flow measurements of laser Doppler in a single device, as shown in Figure 5 . These high-resolution images could be used to build patient-specific finite elements representations of the ocular geometry. FD-OCT captures high-resolution
Doppler information from retinal vessels in three dimensions within a fraction of the cardiac cycle. (74, 131) Retinal blood flow scans transect all retinal branch arteries and veins that emerge from the optic nerve head, providing the basis for total retinal blood flow measurement in absolute value (μ l/min). Measurements of total retinal blood flow are very useful to calibrate and validate mathematical models for the retinal circulation, as mentioned in Section 5.2.
Confocal Scanning Laser Doppler Flowmetry (CSLDF)
CSLDF is a technique that measures the capillary blood flow of the retina and optic nerve head and provides a two-dimensional map of ocular perfusion in these areas, as shown in Figure 6 . The main limitation of this technique is that velocity and volume are measured in arbitrary units, making the comparison between CSLDF measurements and other technologies quite difficult. (54, 109) Nevertheless, CSLDF measurements could be used to compare relative changes in the ocular microcirculation occurring in patients at different stages of OAG progression with the predictions of mathematical models describing ocular hemodynamics; this comparison would help identify which structural, vascular and systemic factors would cause those changes.
Retinal Oximetry
Retinal oximetry uses a modified fundus camera or similar device and developed algorithms to measure oxygen saturation in the arteries and veins. The arteriovenous oxygen difference provides important information about tissue oxygenation and metabolism. A typical color map of retinal oximetry is reported in Figure 7 . The oxygen saturation levels in arteries and veins and the diameters of these vessels can be obtained from the oximetry color maps and compared with model predictions of oxygen saturation throughout the retinal vascular network. Mathematical modeling has predicted that the same level of venous oxygen saturation can result from a combination of many different factors, including different levels of arterial blood pressure, IOP, and oxygen demand, as discussed in Section 5.2. A comparison of theoretical scenarios with data from retinal oximetry maps and other basic retinal measurements should be designed to help identify which factors contribute to alterations in blood saturation and tissue oxygenation.
All of the techniques described in this section can be used to assess the ocular structural, ocular vascular, and systemic differences that have been observed among patients of different racial descents. These differences are summarized below.
Clinical Evidence of Racial Differences
Several structural, vascular and systemic differences have been observed among people of AD and ED. In this section we summarize the main findings, with the goal of identifying factors that could be potentially investigated via mathematical modeling.
Ocular Structural Differences
People of AD and ED exhibit differences in their ocular structures. Racette et al., noted that people of AD tend to have thinner corneas, (95) a known risk factor for OAG. (45) The study also found that people of AD have larger optic discs and a thicker retinal nerve fiber layer. (95) Other studies have demonstrated increased macular thickness and mean foveal thickness in people of ED compared to those of AD. (6, 65) People of ED also tend to have a greater amount of mature elastin in the tissue of the optic nerve head. (129) People of AD have a greater percentage of meridionally-aligned fibers composing their sclera. (138) These fibers are fixed to the straight ocular muscles, while the equatorial fibers are fused with the obliques, which may affect scleral tensile forces. Recently, Girkin et al., observed that the sclera and lamina cribrosa are thinner in people of AD compared to those of ED, (44) and Grytz et al., observed that the posterior sclera of people of AD is stiffer compared to people of ED. (48) Moreover, Fazio et al., observed that AD eyes experience a more rapid stiffening with age than ED eyes. (34) These factors may have the greatest influence on the mechanical response of the optic nerve head to changes in IOP. (102, (119) (120) (121) 
Ocular Vascular Differences
In addition to structural variations, investigators have also found differences in the vasculature and intraocular oxygen levels between people of AD and ED. For example, Nagasubramanian et al., showed that Caucasians have a greater number of capillaries crossing the disc rim than people of African and Afro-Caribbean descent. (82) Wong et al., showed that subjects of African and Hispanic origin had increased retinal arteriole and retinal venular caliber compared to those of European and Chinese descent. (135) Interestingly, the Blue Mountains Eye Study recently released data indicating that retinal arteriolar narrowing is associated with long-term risk of OAG. (64) Recent findings within the Indianapolis Glaucoma Progression Study (IGPS) also suggest that vascular contributions to OAG might be more significant in patients of AD when compared to patients of ED. For example, Schroeder et al., observed that changes in retrobulbar blood flow velocities and vascular resistivity indices are correlated to retinal nerve fiber layer thickness in patients of AD but not in those of ED. (108) Similarly, Tobe et al., observed that changes in retinal blood flow are strongly correlated with glaucomatous morphological changes to the optic nerve head in patients of AD, while in patients of ED, these correlations are weak, leading to a statistically significant difference between the two races. (128) Vascular disparities are also accompanied by differences in tissue oxygen levels. Higher oxygen levels were observed in the ocular tissues of people of AD when compared to those of ED. (58, 114) Moreover, when comparing patients with similar IOP, blood pressure, and visual field defects, patients of AD had a significantly lower arteriovenous difference in retinal oxygen saturation compared to those of ED. (116) These findings suggest that vascular autoregulation and oxygen metabolism might differ among people of AD and ED, and mathematical modeling could be used to investigate the relative importance of these differences.
Systemic Differences
Many studies suggest a correlation between OAG and systemic diseases, such as hypertension, diabetes, (106) stroke, (105) and cardiovascular disease. (35) The ocular hypertension treatment study cited the presence of heart disease at baseline as a predictor for the development of OAG. (45) A number of studies suggest that people of AD have significantly higher rates of systemic hypertension than those of ED. (57, 94, 106) Siesky et al., reported AD patients with OAG also had a significantly higher systolic and diastolic blood pressure than ED patients. (115) Additionally, recent data from the Reasons for Geographic and Racial Differences in Stroke (REGARDS) study suggests that changes in blood pressure may have different implications for those of different races, noting that a 10-mm Hg increase in systolic blood pressure increased the stroke risk in white subjects by 8%; in black participants, the same increase in systolic blood pressure led to a 24% increase in stroke risk. (59) There is conflicting evidence of IOP differences between those of AD and those of ED. While many studies have found that people of AD have, on average, higher IOP measurements, (43, 95, 111) others state that there is no significant difference in IOP between the two races. (106) Mathematical modeling could help understanding the mechanisms relating IOP, blood pressure and ocular hemodynamics, thus potentially providing an opportunity to determine additional modifiable OAG risk factors.
Mathematical Modeling
The use of mathematical modeling to study the structural and vascular functions of the eye has emerged only recently. In this section, we review the currently available modeling approaches and we discuss how they could be used to investigate AD/ED disparities.
Ocular Structures
The mathematical modeling of the biomechanics of ocular structures has attracted considerable attention in the last decades. Understanding how AD/ED differences in ocular structures affect the biomechanics of ocular tissues represents a first important step towards the understanding of how these differences might affect OAG development and progression.
Various mathematical modeling approaches have been successfully implemented to understand and quantify the relationship between the deformations of optic nerve head tissues and mechanical forces due to IOP and scleral tension.
Several studies have modeled the lamina cribrosa using idealized geometries. In Ref. [28] , Dongqi and Zeqin used the elastic theory of bending for thin circular plates under axisymmetric loads to describe the displacement W(r) of a point on the middle plane of the lamina cribrosa via the von Kaŕmań Equations: (63) (1)
where r is the distance from the lamina center, N r is the radial tension in the middle plane, D = Eh 3 /12(1 -ν 2 ) is the flexural rigidity, E is the Young's modulus increasing with IOP, (136) h is the lamina thickness, ν is the Poisson's ratio, and q is the load given by the difference between IOP and retrolaminar tissue pressure. Exploiting simplifying assumptions that lead to amenable analytical solutions, this study showed that the thickness, radius, and mechanical properties of the lamina cribrosa are the major factors influencing the IOPinduced laminar deformation. The idealization of the lamina as a homogeneous elastic circular plate has also allowed for quantitative estimates of the effect of the different degrees of fixity offered by the connection with the sclera, the pretension caused by scleral expansion, and the ratio between flexural and in-plane stiffness on the mechanical response of the lamina cribrosa to IOP. (83) More realistic geometries of the lamina cribrosa and the scleral canal have been considered using elasticity models based on finite elements. These models showed that peripapillary scleral thickness, (85) scleral stiffness, ocular axial length, and stiffness of the lamina cribrosa (119) (120) (121) have the largest influence on the mechanical response of the optic nerve head to variations in IOP. Interestingly, the mechanical and geometrical properties of the sclera and optic nerve head tissues vary significantly among people of AD and ED, as reviewed in Section 4.1, and consequently it would be reasonable to expect significant differences in their IOP response.
However, this is not a simple matter. Different combinations of geometrical and mechanical ocular properties may lead to similar overall stress and strain distributions in the ocular tissues. This can be easily seen using the applet recently developed by Sigal. (117) This applet combines the ease of use of analytical models with the power of finite elements models to provide rapid estimates of the IOP-related biomechanic response of the optic nerve head.
The applet allows to compare strains and stresses in the lamina cribrosa and neural tissue for different levels of IOP, modulus of the lamina cribrosa, sclera and neural tissue, compressibility of the pre laminar neural tissue, radius of the sclera and lamina cribrosa. Comparison of the stress and strain distributions corresponding to different combinations of the above listed factors could provide valuable insights on potential AD/ED differences in susceptibility to OAG damage.
Racial differences have also been detected in the geometrical properties of the cornea, which could be taken into account in the biomechanical models for the optic nerve head described above. Alterations in corneal properties might induce alterations in the dynamics of ocular humors which could alter the local level of IOP transmitted to the optic nerve tissues. Experimental and theoretical approaches have been used to study the mechanical properties of the cornea and the dynamics of ocular humors, (9, 87-89, 98, 99, 103, 124) but they have not yet been coupled to the biomechanical models for the optic nerve head.
Alterations in ocular biomechanics might play an important role in OAG pathophysiology. (12, 13) The presence of IOP-induced deformations in ocular tissues is physiologic, but abnormal changes in such deformations may be pathologic. Pathologic alterations in tissue deformations could induce abnormal alterations in the diameters of blood vessels supplying the tissue, and thereby lead to hemodynamic alterations that could increase the tissue susceptibility to ischemic damage (13, 29, 118) and explain the observed differences in the thickness of the retinal nerve fiber layer, macula and fovea.
The current modeling approaches do not allow for the investigation of the relationship between biomechanical alterations and susceptibility to ischemic damage, since they do not couple the elasticity system for the biomechanics of ocular tissues with the equations describing ocular blood flow and oxygen metabolism. Some contributions in this direction are discussed in the next section.
Ocular Vasculature
Several AD/ED differences have been observed in the ocular vasculature and blood flow, as discussed in Section 4.2. However, the mathematical modeling of ocular hemodynamics is still somewhat preliminary.
A mathematical model consisting of dichotomous symmetric branching was used to quantify the arterovenous distribution of hemodynamic parameters in the microvasculature of the human retina. (125) In this model, the configuration of the dichotomous vascular tree at a branching point is given by (2) where r 1 is the radius of the mother branch, and r 2, 1 and r 2, 2 are the radii of daughter branches at the same bifurcation. The blood flow in each vessel is described using the Haigen-Poiseuille law, where the fluid viscosity μ is assumed to vary with the vessel radius r according to (3) where μ ∞ = 1.09 exp(0.024 Hct) is the asymptotic viscosity which depends on the hematocrit Hct of the systemic blood (21) and δ is a constant. (62) The number of retinal capillaries and the caliber of retinal arterioles and venules are included in the model as parameters and therefore this model could be used to investigate how and to what extent the observed AD/ED differences in these parameters affect the average retinal blood flow.
A more realistic image-based network model of a murine retinal vasculature was used to show that the distribution of the blood hematocrit in the retinal network is extremely nonuniform, with lower values at the pre-equator region (near the optic disc) and higher values in the equator region of the retina. (41, 42) Models in Refs. [41, 42, 125] did not account for mechanical forces acting on the retinal vasculature even though retinal arterioles, capillaries and venules are directly exposed to changes in IOP. Moreover, retinal blood flow is indirectly affected by IOP variations through the influence that IOP-induced deformation of the lamina cribrosa has on the central retinal vessels that run through the lamina and supply and drain the retina.
The first mathematical model that couples the IOP-induced deformation of the lamina cribrosa with the CRA hemodynamics has been developed by Carichino et al. (16) The lamina cribrosa is modeled as a homogeneous nonlinear elastic circular plate of finite thickness of radius R lc and finite thickness h lc , satisfying the equilibrium equations: (4) where (5) is the stress tensor, λ lc and μ lc are the Lame's elastic parameters which vary with the effective stress σ e as in Ref. [83] , (6) is the Green-Saint Venant strain tensor, and u is the displacement vector. The domain Ω is depicted in Figure 8 . The upper circular surface is subject to the IOP, while the lower surface is subject to the retrolaminar tissue pressure (RTLp), leading to the following boundary conditions: (7) where n i and n o denote the outward normal vectors to the upper and lower surfaces, respectively. On its lateral surface, the lamina cribrosa is connected to the sclera and it experiences the scleral tension T, which results from the inflation due to the intraocular pressure. Following, (28, 83) the boundary conditions on the lateral surface are (8) where n l is the outward normal vector to later surface, u ζ is the displacement along the ζ axis, and T is computed using the Laplace's law T = (IOPR s /2h s ), where R s and h s are the scleral radius and thickness, respectively.
The CRA is described as a fluid-structure interaction system, where blood flow is modeled as the stationary Stokes flow of a Newtonian viscous fluid, while the arterial wall is modeled as a linear elastic cylindrical thick shell, in the same spirit as Ref. [80] . Under the assumptions that:
i. the deformation of the arterial wall obeys the linear theory of elasticity;
ii. the axial displacement is negligible with respect to the radial displacement;
iii. geometry, loading and solutions are axially symmetric; The equilibrium equation for the arterial wall reduces to (9) for (η, z) ∈ (R cra , R cra + h cra ) × (0, L), where u η = u η (η, z) denotes the radial displacement. Eq. (9) necessitates boundary conditions for the external and internal cylindrical surfaces located at η = R cra + h cra and η = R cra , respectively. On the external surface located at η = R cra + h cra , we prescribe the normal stress through the condition (10) where λ cra and μ cra are the Lame's constants of the CRA wall. The external pressure P e (z) varies along the length of the CRA, accounting for the action of the retrolaminar tissue pressure, the presence of the lamina cribrosa, and the intraocular pressure, as sketched in Figure 9 .
On the internal surface located at η = R cra representing the interface between arterial wall and blood, we impose the balance of stress (11) where ψ(z) is the function describing the action of blood flow on the arterial wall. Specifically, ψ(z) is defined as (12) where p denotes the fluid pressure and γ describes the wall/blood interface in eulerian coordinates and it is related to the radial displacement of the wall by (13) Under the assumptions that:
i. the blood can be described as a Newtonian incompressible viscous fluid;
ii. the pressure depends only on z;
iii. the radial velocity is negligible in the balance of axial momentum;
iv. geometry, loading and solutions are axially symmetric; The equations of conservation of mass and balance of axial momentum describing blood flow in the central retinal artery reduce to (14) for (r,z) ∈ [0, γ(z)] × (0, L), where υ r and υ z denote the radial and axial components of the blood velocity, p denotes the pressure, μ b denotes the blood (effective) viscosity. Pressure is prescribed at the inlet and outlet sections of the vessel, namely p = P 0 for z = 0 and p = P L for z = L. At the blood/arterial wall interface, the no-slip condition is imposed leading to υ r = 0 and υ z = 0 for r = γ(z), and the balance of stress condition (11) .
This coupled model predicts a strong interaction between biomechanical and hemodynamic factors in the CRA. More precisely, the model shows that acute IOP elevations induce a decrease in the blood velocity in the CRA, and this is in agreement with clinical studies. (36, 51) Figure 11 reports the clinical data obtained by Harris et al., who artificially induced IOP elevation on eleven healthy individuals using suction opthalmodynamometry. IOP was elevated from a baseline near 14 mmHg to approximately 45 mmHg in 3-4 increments. At each IOP level, peak systolic and end diastolic velocities (PSV and EDV) were measured in the central retinal artery using Color Doppler Imaging (CDI). The measurements were performed at an intermediate location between the lamina cribrosa and the eye globe, corresponding to z = L in the CRA model depicted in Figure 10 .
The model was also used to identify the mechanisms responsible for the clinically-observed blood velocity reduction. The model indicates that IOP elevation induces a larger posterior displacement of the lamina cribrosa and, consequently, a small compressive region arises in the lamina near its central axis towards the eye globe. Figure 11 reports the blood velocity at the CRA centerline computed via the mathematical model for increasing IOP values in the case where the compressive action of the lamina cribrosa on the CRA walls is included (red curve) or not included (blue). The good agreement between the red curve and the clinical data indicates that the compressive action of the lamina cribrosa is necessary to explain the IOP induced velocity reduction of the blood flow in the CRA. The model also shows that the compressive effect exerted by the lamina cribrosa on the CRA walls for a given IOP value might vary significantly among individuals depending on the geometrical and mechanical properties of their lamina cribrosa and sclera, as well as their arterial blood pressure. Interestingly, these factors have been observed to differ among people of AD and ED.
These findings have important clinical implications. Due to individual variations of geometrical and mechanical properties of ocular tissues, different individuals might be more susceptible to vascular alterations than others. The model could be used to investigate how the observed AD/ED differences in the geometry of the optic disc and the lamina cribrosa influence the IOP/CRA relationship and therefore the blood supply to the retina.
A more comprehensive, even though less detailed, description of retinal blood flow has been achieved by the lumped network model depicted in Figure 12 . The model includes two retrobulbar vascular compartments, i.e. the central retinal artery (CRA) and the central retinal vein (CRV), and three intraocular vascular compartments, i.e. retinal arterioles, capillaries and venules. (18) The blood flow in the retinal vascular network is time-dependent, driven by the systemic pressures P in (t) and P out (t) and regulated by variable resistances which account for the nonlinear effects due to (i) IOP-induced compression of the lamina cribrosa on the retinal vessels (obtained via multi-scale coupling with the model developed in Ref. [16] ), and (ii) blood flow autoregulation. Compartmental compliances are introduced to account for arterial and venous distensibilities. The blood flow in the network is computed as the solution of a system of five nonlinear ordinary differential equations, obtained by imposing conservation of mass in the network. Using Kirchoff's law at every node of the network, the dynamics of the circulation through the retinal network can be described by the following system of four ordinary differential equations:
where C k , with k = 1, 2, 4, 5, denote the capacitance of the compartment k, while the conductances G i,j are given by G in,
The unknowns of the system are the four nodal pressures P 1 , P 2 , P 4 and P 5 , shown in Figure 12 . Then, the pressures at the other nodes of the network as well as the flow rate between nodes can be computed a posteriori Omh's law.
The inlet and outlet pressures P in (t) and P out (t) cannot be measured directly, and therefore they are obtained as the solution of an inverse problem aimed at determining the timedependent functions that would give reasonable velocity profiles in the CRA and CRV, similar to the one shown in Figure 4 obtained with Color Doppler Imaging. The variable resistances R 1a and R 5a describe the effect of the lamina cribrosa deformation on the central retinal vessels and their value changes as a function of the levels of IOP, retrolaminar tissue pressure, scleral tension and intraluminal pressure according to the three-dimensional model developed by Carichino et al., (16) described above. The variable resistances R 2a and R 2b describe the blood flow regulation in a phenomenological way as in Ref. [67] . The other parameters in the model are estimated using data reported in the literature. (67, 12) Figure 13 reports the pressure waveforms in the five vascular compartments computed for IOP = 15 mmHg and 40 mmHg using the lumped model. The intraluminal pressure in the CRA, upstream of the lamina cribrosa, increases with IOP, while the pressure in the CRV, downstream of the lamina cribrosa, decreases with IOP. These results suggest that the IOPinduced deformation of the lamina cribrosa acts as a "double-faucet" on the retinal network, as it compresses simultaneously both CRA and CRV. The model also suggests that the IOPinduced compression on the CRV is more significant than on the CRA, leading to an overall increase of blood pressure in the three intraocular compartments (arterioles, capillaries and venules) as IOP increases. These results suggest the existence of a built-in compensatory mechanism to help intraocular vessels better sustaining IOP elevations. Clinical confirmation of such a compensatory mechanism would represent a major step forward in the understanding of ocular hemodynamics and its related pathologies.
The model also predicts that the effectiveness of this compensatory mechanism depends on the geometrical and mechanical properties of the sclera and lamina cribrosa, which have been found to differ among people of AD and ED. Therefore, the coupling between this lumped compartment model for the retinal vasculature and the biomechanics models for ocular tissue described in Section 5.1 might be extremely useful in investigating how and to what extent the combined effect of AD/ED differences in ocular structures and hemodynamics might influence tissue perfusion.
This modeling approach can also be used to investigate the specific role of various OAG risk factors. For example, several studies have suggested low ocular pressure as a risk factor for OAG. (14, 15) Ocular perfusion pressure (OPP) is calculated as OPP = 2/3 MAP -IOP, where MAP is the mean arterial pressure, and it remains unclear whether or not MAP and IOP should be considered as independent OAG risk factors. (15) The lumped network model was used to address this controversial question by simulating changes in retinal blood flow induced by changes in OPP attained by varying either MAP or IOP while holding the other constant. The model results are shown in Figure 14 for the cases where autoregulation (AR) is functioning normally (AR on) and when autoregulation is impaired (AR off). Mathematical models have also been developed to describe blood flow autoregulation in the retina and the oxygen saturation levels in retinal vessels and tissue. Arciero et al., introduced a theoretical model that assesses the relative contributions of pressure, shear stress, metabolic, and carbon dioxide response mechanisms to the autoregulation of blood flow in the retina. (4) The intraocular retinal vasculature is modeled via the representative segment model depicted in Figure 15 which includes large arterioles (LA; the four vessels that branch from the CRA), small arterioles (SA), capillaries (C), small venules (SV), and large venules (LV; the four vessels that drain into the central retinal vein). The pathway is assumed to be symmetric with respect to vessel length (L) and number (n) in corresponding arteriolar and venous compartments; flow resistance (R) is calculated according to Poiseuille Law R = (128Lμ/πnD 4 ), where μ is the blood viscosity and D is the vessel diameter.
The large and small arterioles are assumed to be vasoactive and the remaining compartments are considered to be fixed resistances. Resistance vessels are assumed to respond to local changes in pressure, shear stress, and carbon dioxide and to the downstream metabolic state communicated via conducted responses. This is achieved via a mechanical model of resistance vessel walls where the total circumferential tension in the vessels wall T total is generated by a passive and active component (15) where T passive represents the wall tension generated by the structural components of the vessel wall, is the maximum degree of active wall tension that can be generated in response to maximal constriction of the vascular smooth muscle cells, and A is the vascular smooth muscle tone (activation) written as A = 1/(1 +exp(−S tone )), with S tone being a stimulus function which dictates changes in smooth muscle tone according to a linear combination of regulatory mechanisms as in Refs. [5, 17] .
The model is used to predict the autoregulation pressure range for both control and elevated levels of intraocular pressure (IOP). Figure 16 Figure 16 (B) shows the effect of increasing IOP from 15 mmHg (control IOP) to 25 mmHg (elevated IOP) on the range of arterial pressures for which autoregulation is obtained. The length of the autoregulation range is conserved despite increases in IOP. However, autoregulation fails to operate over its expected pressure range when IOP is elevated, indicating that autoregulation is impaired at low perfusion pressure; this result provides a potential explanation for why impaired autoregulation is hypothesized to be a contributing factor to OAG progression.
The model is also capable of computing the levels of blood oxygen saturation in the retinal vessels. Oxygen is assumed to be delivered to surrounding tissue by the large arterioles, small arterioles, and capillaries using a Krogh cylinder model. (5, 77) Oxygen exchange by venules and veins is neglected. Saturation profiles calculated with IOP = 15 mmHg and 25 mmHg are reported in Figure 17 (B) and (C) for P a = 28 mmHg (low), P a = 40 mmHg (med) and P a = 80 mmHg (high) values of input arterial pressure. The model predictions show critical differences in physiological levels of oxygen saturation in the venous segment of the retinal vasculature for the same tissue metabolic demand, depending on whether P a or IOP is altered, and therefore the model could be used to provide a more accurate clinical interpretation of retinal oxymetry maps, such as the one shown in Figure 17(A) .
This model could be extended to evaluate different conditions that are typical of patients from different racial groups. For example, since increased oxygen saturation is typical of people of AD, the model can be used to test whether blood flow autoregulation is compromised as blood oxygen saturation is increased. In the model simulations, the increase in saturation is obtained by reducing tissue oxygen demand; venous saturation is initially 0.68 and is increased incrementally up to 0.9. The degree of autoregulation is defined as the ratio of blood flow levels at two different pressure values; in the case of perfect autoregulation, the degree of autoregulation should be 1 because flow should not change. If all mechanisms of autoregulation are assumed to be functioning properly, a 12% relative increase in the degree of autoregulation was predicted as oxygen saturation was increased from 0.68 to 0.9. If the metabolic mechanism was assumed to be impaired, the relative increase in the degree of autoregulation was predicted to be 24%. These model simulations suggest that in the case of increased blood saturation or impaired vascular response mechanisms, the ability for the retinal vascular bed to autoregulate sufficiently is compromised. Additional exploration of these predictions will help to elucidate how racial disparities in ocular vascular factors may contribute to the progression and development of OAG.
Systemic Conditions
The mechanisms underlying the relationship between alterations in systemic blood pressure, intraocular pressure and OAG pathophysiology are not yet completely understood, even though blood pressure definitely influences ocular hemodynamics. Xu et al., noted that both systolic and diastolic blood pressures have a positive correlation with IOP. (137) Deokule and Weinreb observed a strong positive correlation between systolic blood pressure and IOP and a weaker positive relationship between diastolic blood pressure and IOP. They concluded that blood pressure might have a stronger correlation with ocular hypertension than with OAG, noting that an increase in systolic blood pressure was associated with an increase in IOP but a decreased long-term risk to develop OAG. (27) Others have found systemic blood pressure to be positively related to both IOP and the diagnosis of OAG. (10) Blood arterial pressure has also been shown variations related to ethnicity, and this contributes to further complicate the picture. Mathematical models combining systemic and ocular components could help investigating some of these controversial issues, but such models have not been developed yet.
Many whole body models have been proposed to describe the principles regulating systemic blood pressure. For example, mathematical models have been used to investigate the variations in blood pressure and blood flow during postural change from sitting to standing, (86) the physiology of heart mechanics, (110) and the dynamics of intracranial pressure. (68) It would be extremely interesting to extend these models to include the coupling between the systemic pressure dynamics and the dynamics of ocular humors cited in Section 5.1. The dynamics of ocular humors determines the level of IOP, and therefore such coupled models could help elucidating the complex IOP-blood pressure relationship, which is a fundamental open question in ocular physiology. On the same line, these systemic models could be extended to include the coupling between systemic pressure dynamics, biomechanics of ocular tissues and ocular hemodynamics, as they would help elucidating how structural, vascular and systemic factors combine to determine ocular tissue perfusion.
Possible coupling strategies could rely on multi-scale coupling, (37) such as the 3D-1D coupling developed by Passerini et al, to study the cerebral vasculature. (91) 
Mathematical Challenges and Future Directions
Biomechanical, hemodynamic and systemic factors play an important role in OAG development and progression, and their relative contributions to the disease might differ among people of AD and ED. The relationship between these factors is extremely complex and still poorly understood. In this review we provided some examples of how mathematical modeling has been used in combination with real data to address clinically relevant questions. Despite the promising future of integrated approaches combining mathematical and clinical/experimental methods, there is still a long way to go.
In order to study the relationship between OAG and biomechanical, hemodynamic and systemic factors, it is necessary to include in the models a description of metabolic factors and cellular functions. More precisely, the functionality and life cycle of retinal ganglion cells, as well as other cells involved in OAG pathophysiology such as astrocytes, should be modeled in relation to the availability of oxygen and other nutrients delivered to the tissue under conditions of functional or impaired blood flow regulation and under the action of physiologic or pathologic mechanical forces. Even though some metabolic models have been recently proposed to examine angiogenesis in the retina (7, 132) and choroid, (112) the coupling of such models with mechanical, vascular and systemic factors constitutes a novel, extremely interesting and challenging direction of research.
The development of coupled models describing the interaction between i. the distribution of stresses and strains in ocular tissues due to the action of mechanical forces, including IOP and retrolaminar tissue pressure;
ii. the blood flow through these deformable tissues;
iii. the auto regulation of blood flow in the tissues;
iv. the transport and delivery of oxygen and other nutrients to the tissues; and v. the functionality and life cycle of retinal ganglion cells presents many challenges.
Several different time scales are embedded in this complex system, as the characteristic time of wall oscillations in the large arteries is a tenth of a second, the cardiac cycle lasts approximately 1 second, the circadian rhythm modulating IOP and blood pressure spans over 24 hours, and the progression of OAG occurs over several years. The system also involves multiple length scales, as the typical dimension of an eye is approximately 2.4 cm, the dimension of the lamina cribrosa is around 2.5 mm, the lumen of the central retinal artery is approximately 160 μm, and the size of the soma of a retinal ganglion cell is approximately 20 μm. Multi-scale approaches will have to be developed to properly account for this variety of time and length scales that indeed influence each other, and this is a very challenging task.
The system also includes fluid-structure interactions, where the flow of a fluid and the deformation of an elastic structure interact and influence each other. This is the case for the blood flow in the ocular compliant vessels and the dynamics of the ocular humors within the deformable ocular structures. The numerical solution of fluid-structure interaction problems is not trivial, as numerical instabilities may arise depending on the geometrical and mechanical properties of the fluid and solid involved (see e.g., Refs. [19, 49, 84, 93] ). Fluidstructure interactions are usually described by partial differential equations (PDEs) of mixed type, combining hyperbolic, parabolic and, possibly, elliptic effects, whose relative importance might vary depending on the flow regime. The numerical solution of PDEs of mixed type is complex and should be approached differently depending on whether or not there is a dominant effect. As a consequence, a theoretical investigation of the main mathematical features of these complex coupled system should be performed in order to devise an appropriate numerical strategy for their solution.
Conclusions
Many fundamental questions regarding OAG pathophysiology remain open, including the reasons why OAG affects individual of different ethnicities in a different way. OAG is a multi-factorial disease, and the synergistic combination between mathematical models and clinical, population or animal studies could help unraveling the individual contributions of single factors and aid the development of novel therapies.
Many mathematical models have been developed to study specific problems related to ocular biomechanics, ocular hemodynamics and systemic conditions. However, the need of understanding OAG pathophysiology and identifying other modifiable risk factors, in addition to IOP, calls for the development of a new generation of models that are capable of describing the multi-scale coupling between different systems, e.g., biomechanics of ocular tissues, hemodynamics of ocular blood flow, functionality of retinal ganglion cells. The development of such models constitutes a very challenging and intriguing task from the mathematical viewpoint.
In conclusion, the use of mathematical modeling in conjunction with clinical and laboratory research may hold a great potential in the exploration of the pathophysiology of OAG, while leading to advances in the mathematical understanding of multi-scale coupled systems.
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(1) The ocular components most relevant to this paper are identified with black labels and described in the glossary in Section 2.1. Schematic representation of the ocular blood supply. The abbreviations are listed and explained in Table I . Two-dimensional perfusion map of the retina and the optic nerve head obtained via confocal scanning laser doppler flowmetry. Colormap of oxygen saturation in retinal vessels. Schematic representation of geometry and boundary conditions of the elasticity problem for the lamina cribrosa. The upper surface (i.e., ζ = h lc /2) faces the interior of the eye globe and is subject to the intraocular pressure (IOP). The lower surface (i.e., ζ = − h lc /2) faces the optic nerve canal and is subject to the retrolaminar tissue pressure (RLTp). The lateral surface (i.e., s = R lc ) is connected to the sclera and experiences the scleral tension T. Left: Schematic representation of the mathematical model describing the coupling between the IOP-induced deformation of the lamina cribrosa and the CRA hemodynamics. (16) Right: Schematic representation of the external pressure acting on the CRA walls varies along the vessel length to account for the retrolaminar tissue pressure (RTLp), IOP and the compression induced by the deformation of the lamina cribrosa. Retrobulbar and intraocular compartments are separated by the lamina cribrosa, a mesh-like collagen structure that helps maintaing the pressure difference between the IOP in the interior of the eye and the retrolaminar tissue pressure (RTLp). Pressure waveforms in the five network compartments computed for IOP = 15 mmHg and 40 mmH. These results suggest that the IOP-induced compression on the CRV is more significant than on the CRA, leading to an overall increase of blood pressure in the intraocular compartments (arterioles, capillaries and venules) as IOP increases. Model predictions of changes in average retinal blood flow with changes in ocular perfusion pressure (OPP) attained by varying independently mean arterial pressure (MAP) or IOP, in the case of functional or impaired auto regulation (AR on/AR off). The results suggest that low MAP and elevated IOP should be considered as independent OAG risk factors in the case of impaired autoregulation. 
